Momentum, Heat, and Mass Transfer for
Fixed and Homogeneous Fluidized Beds

The Carman channel model for flow in packed beds is shown to apply

for the minimum fluidization velocity and homogeneous fluidized beds. The

G. A. HUGHMARK

channel model also provides correlations for mass transfer in the laminar

flow region and heat and mass transfer for turbulent flow in a packed bed.
Tube bundle data for pressure drop and heat transfer are also evaluated

as a packed bed with the channel model.
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SCOPE

Analysis of pressure drop for fixed beds and expansion
characteristics of fluidized beds have been the subject of
many publications. Ergun (1952) presented a literature
review for fixed beds and developed an equation (of the
friction factor form) for pressure drop with spherical or
near spherical particles. Ergun and Orning (1949) and
Wen and Yu (1966) analyzed fluidized beds and the mini-
mum fluidization velocity. Extensive experimental data
for homogeneous fluidized beds have been presented by
Wilhelm and Kwauk (1948) and Richardson and Zaki
(1954). Several empirical correlations have been proposed
for minimum fluidization and void fraction in expanded
fluidized beds. Heat and mass transfer in fixed and fluid-
ized beds have also been areas of interest. Correlations
of j factor with Reynolds number have been the most

frequent representations of these data.

Carman (1937) utilized the work of Blake (1922} to
develop an equation for pressure drop in fixed beds of
small particles with the model as flow through parallel
tortuous paths. Correlation of experimental data with the
friction factor defined by Carman and a Reynolds number
with the equivalent channel diameter and actual velocity
shows the relation f = 16/Ng, for the laminar region. The
agreement of this model with pipe flow indicates that it
may be useful as a general model for fixed and homo-
geneous fluidized beds. This work utilizes the channel
model for an analysis of pressure drop, heat and mass
transfer in fixed and fluidized beds, and heat transfer in
tube bundles.

CONCLUSIONS AND SIGNIFICANCE

The channel model proposed by Carman for packed
beds appears to apply to both the laminar and turbulent
region for packed beds. The model also provides a corre-
Iation for the minimum fluidization velocity and for ex-
pansion of homogeneous fluidized beds. Laminar flow mass
transfer data show that the channel model results in a
correlation similar to that for transfer in a circular pipe.
Turbulent flow mass and heat transfer data for a packed

bed are also correlated with the channel model and ap-
pear to correspond to the shear drag in the bed. Mass
transfer data for turbulent flow in a fluidized bed indi-
cates a higher transfer rate than in the packed bed. Appli-
cation of the channel model to tube bundle data indicates
that the turbulent region heat transfer-momentum rela-
tionship for a bundle with 1.25 equilateral triangular pitch
is essentially the same as for the packed bed.

FIXED BEDS—PRESSURE DROP
The Carman equation is:
AP 25fulp

L - D, (1)

The velocity u, is defined as the actual velocity in the
packing channels and is represented by the equation:
u L,

Ue :_E‘T (2)

Carman shows that the ratio L./L, the actual length of
path taken by the fluid divided by the bed depth, is
equal to \/2.

Experimental pressure drop data for fixed beds are re-
ported by Burke and Plummer (1928), Wilhelm and
Kwauk (1948), McConnachie and Thodos (1963), and
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Wentz and Thodos (1963). These data represent spherical
or near spherical particles with air as the fluid. Wilhelm
and Kwauk and McCune and Wilhelm (1949) also report
data with water as the fluid.

The equivalent diameter for a bed of spherical particles
is

D. = 2/3 Dp— (3)

- €

Thus Equations (1), (2), and (3) can be used to obtain
a friction factor-Reynolds number relationship for the ex-
perimental pressure drop data. Figure 1 shows these data.
Agreement is observed for the laminar flow region with
turbulence indicated to begin at a Reynolds number of
35. Data for the turbulent region appear consistent and
indicate the correlation.

f = 1.63/(Nge)'? (4)

AIChE Journal (Vol. 18, No. 5)



The Reynolds number of 35 corresponds to a particle
Reynolds number Dpt,/v of about 100 for ¢ = 0.35 which
is typical for a fixed bed. A bed of spheres could be ex-
pected to show flow pattern transitions aproximating those
for a single sphere. Garner, Jenson, and Keey (1959) have
described these transitions as a function of Reynolds num-
ber. At a particle Reynolds number of about 17, a weak
toroidal vortex is formed at the rear stagnation point and
the vortex gains strength as the Reynolds number increases.
Thus, the observed critical Reynolds number from Figure
1 corresponds to a flow condition where turbulence could
be expected in a spherical bed.

Combination of Equations (1), (2), and (3) result in
the equation

AP 106fu2p (1—e)

L Dp e
which is of the same form as the equation proposed by
Ergun
AP 2 1-
_ hute (19 )
L Dp &

FLUIDIZED BEDS—MINIMUM FLUIDIZATION VELOCITY

Minimum fluidization velocity data are reported by
Wilhelm and Kwauk (1948) with air and water as fluids,
Wen and Yu (1966) with water as the fluid, and Miller
and Logwinuk (1951) with air, helium, carbon dioxide,
and ethane as fluids. These data could be expected to fit
the friction factor-Reynolds number relationship for fixed
beds with

AP

T:<PS_P)(1_5) (6)

Figure 2 shows the experimental data with the friction
factor relationship from Figure 1. The data are observed
lo show a reasonable fit with excellent agreement of the
Miller and Logwinuk data in the laminar region. This
result indicates that the channel model is also applicable
to minimum fluidization data.

EXPANDED FLUIDIZED BEDS

The channel model can also be tested with experimental
data for expanded homogeneous fluidized beds. Equation
(6) applies for these conditions but the Carman ratio
L./L = /2 must be modified to consider the high void
fractions in expanded beds. Figure 3 shows an estimate
of L./L as a function of void fraction for beds of spherical

100

particles. Experimental data are reported by Wilhelm and
Kwauk for air and water fluidization, Richardson and
Zaki (1954) for water, glycerol-water, and oil fluidization,
and Ergun and Orning (1949) for nitrogen, hydrogen,
and carbon dioxide. Figure 4 shows these data and again
reasonable agreement is observed with the friction factor-
Reynolds number relationship obtained from the fixed bed
data.

FIXED BED—HEAT AND MASS TRANSFER

The channel model analysis of fixed bed pressure drop
data indicates that heat and mass transfer for the laminar
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flow region may be analogous to that for flow in a pipe.
Mass transfer data are available from the work of William-
son, Bazaire, and Geankoplis (1963) for benzoic acid in
water, Wilson and Geankoplis (1966) for benzoic acid in
water and propylene glycol solutions, and Gaffney and
Drew (1950) for salicyclic acid in benzene and succinic
acid in n-butanol and aqueous acetone. These data rep-
resent a Schmidt number range of 160 to 70,000. Figure
5 shows the data plotted with the Sherwood number as
a function of the reciprocal Reynolds and Schmidt num-
ber. The correlation indicates that the unity exponent on
the Schmidt number is reasonable in accordance with
laminar flow theory. Prior correlations with the § factor
have indicated exponents of about two-thirds for the
Schmidt number but this results from including these data
with the data for the turbulent region. Figure 5 also shows
the correlation for fully developed parabolic flow in a
circular pipe with L/D = 1. The correlation of the packed
bed data shows the same type of curvature as the pipe
correlation. Heat transfer data are not shown with Figure
5 because of the apparent difficulty in obtaining meaning-
ful experimental heat transfer data. Much of the reported
experimental data show Nusselt numbers less than unity
with the channel model.

Mass transfer data for the turbulent region are reported
by Wilke and Hougen (1945) for water in air, McCune
and Wilhelm (1949) for 2-napthol in water, McConnachie
and Thodos (1963) and Gupta and Thodos (1963) for
water in air, and Gaffney and Drew for the three systems
listed in the laminar flow discussion. Figure 6 show these
data as Nsp/(Ngc)'’® versus Reynolds number. The data
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represent the Schmidt number range of 0.6 to 10,000. The
Schmidt number exponent appears to adequately repre-
sent the data. The correlation equation for the data is

k (-4 De (4 2/3
—g——:o.zz( ) s ()

v

Figure 6 shows only mass transfer data. McConnachie
and Thodos and Gupta and Thodos also report heat trans-
fer data. These data are similar to the mass transfer data
with respect to the model represented by Equation (7).

The Reynolds analogy for momentum, heat, and mass
can be used to estimate the shear drag contribution to
friction. For momentum, heat, and mass

f h
L= Nps)23 = k(Nse) 2 8
3 Y pre (Npy) (Nsc) (8)

Equation 7 can be rearranged to

v

k =022 ( )1/3 (Nse) =23 (9)

e Ue
Combination of the two equations yields
f = 0.44/ (Nge)'/®

which is 279 of the value obtained from the pressure drop
data in Equation (5). The fraction shear drag contribu-
tion is also observed to be independent of Reynolds num-
ber. Wentz and Thodos (1963) experimentally determined
form and total drag for several packed bed configurations.
The data for ¢ = 0.354 indicate that shear drag represents
about 209 of the total drag for a single sphere at a
particle Reynolds number of 1000. The shear drag con-
tribution determined from the momentum-mass transfer
data for packed beds appears consistent with these data.

McCune and Wilhelm also report mass transfer data for
fluidized beds of 2-napthol particles with water. Figure 7
shows these data. The correlating equation is

kD, D, u.
D v

Comparison with Equation (9) indicates that mass transfer
rates are higher in a fluidized bed than in the fixed bed
and that the rate increases more rapidly with Reynolds
number than in the fixed bed.

8/4
= 0.20 ( ) (Nso) 178

TUBE BUNDLES

The preceding analysis applies the equivalent diameter
concept to beds of spherical particles. It is interesting to
apply this concept to the experimental data for pressure
drop and heat transfer in tube bundles as a fixed bed of
cylindrical particles. The equivalent diameter for a tube
bundle is

D. = D, (10)

€
1—¢
Equations (1), (2), and (10) can then be used to cal-
culate friction factors. Experimental data are reported by
Pierson (1937) for air, Omohundro, Bergelin, and Colburn
(1949), Bergelin, Brown, Hull, and Sullivan (1950), and
Bergelin, Brown, and Doberstein (1952) for oil. Figure 8
shows the turbulent region friction factor data for 1.25
and 1.5 equilateral triangular pitch and 1.25 staggered
square pitch. Figure 9 shows the heat transfer data for
the three tube layouts. Data for the 1.5 equilateral tri-
angular and 1.25 staggered square pitch are represented
by the equation:

h D, ( D, u,

2/3
—= 0.31 ) (Npr) /3

14

AIChE Journal (Vol. 18, No. 5)



[=]
—in
o
(2]
Z_
\
o
4]
-
10F
3 Il
10? 103 104
De ue
v
10
Y
150
ot -
& BERGEUN, BROWN, HULL,
SULLI
o BERGELIN, BROWN, DOBERSTEIN
© PIERSON
[oJ4]] i v 4.
10 100 1000 10,000 100,000
Dy e
v
Fig. 8. Tube bundle friction factor.
23
[le] 2
-
5
. a 1256 PITCH
& 7 i3
[«] 3
‘o uI)’ Dy |<.>’ |<;‘ 0*
g
Fig. 9. Tube side heat transfer.
Friction factor data correlations are f = 1.56/(Nge)1/4

for 1.5 equilateral triangular pitch and f = 2.17/(Ng,.) /4
for 1.25 staggered square pitch. The momentum-heat
transfer analogy indicates that shear drag is 229% and 169,
of total drag for these tube bundles at Ng, = 1000. The
1.25 equilateral triangular pitch data indicate the equa-
tion:

hD,

D, u,
—_=10.2 (
. 6

v

2/3
P s
and the friction factor is shown to be f = 1.87/(Nge)1/3.
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This tube spacing indicates that fraction shear drag is
28% and is independent of Reynolds number. Thus, this
shear drag relationship appears to be the same as for the
spherical packed beds.

NOTATION
Cp = specific heat

D. = equivalent diameter of channel

Dp = particle diameter

D;, = tube diameter

f = Fanning friction factor

fe = Ergun friction factor

h = heat transfer coefficient

k = mass transfer coeflicient

L = bed depth

L. = actual length of path taken by fluid in traversing
depth, L, of bed

Np, = Prandtl number

Nre = D. u./v, Reynolds number

Ngr.’ = Dp /v, Reynolds number

Nsc = Schmidt number

AP = pressure difference

u, = actual velocity in packing channels

u, = superficial velocity

Greek Letters

€ = packing void fraction

v = kinematic velocity

p = fluid density

ps = solids density
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Precipitate Coflotation
and Fluoride

of Orthophosphate

Orthophosphate and fluoride are simultaneously precipitated from
aqueous solution, 5.26 X 10~3 M. in each, by La (III). The precipitates are

cofloated by the anionic surfactant sodium laurylsulfate, with optimum
flotation at pH 4.0 and a stoichiometric lanthanum concentration based on
LaPO, and LaF3. Over pH 3.5 to 6.0, better than 959, flotation of the total
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orthophosphate and precipitated fluoride that are present can be floated at

a molar sodium laurylsulfate to orthophosphate plus fluoride ratio of 0.023.
At lower sodium laurylsulfate concentrations, the flotation decreases at pH
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3.5 and 6.0 compared to pH 4.0-5.0; at pH 4.0, an increase in the La(III)

concentration decreases the flotation,

SCOPE

The removal of a soluble jonic species from aqueous
solution followed by concentration in a foam or froth can
be accomplished by precipitating the ion, then by adding
a surface-active agent to act as a collector-frother, and
then by aerating the suspension and floating the precipi-
tate-surfactant particulates to the surface of the suspension.
The initial charge of the precipitate has a significant effect
on the adsorption (or exchange) of the surfactant on the
particles, with the change established either by desorption
of one of the ionic species of the solid or by adsorption of
ions from solution onto the surface of the crystal. The
constituent ions of the precipitate present in solution are
preferentially adsorbed over other ions. The surfactant,
added as a collector-frother in a flotation process, serves
three or more functions: the adsorption (or exchange) of
the surfactant on the surfaces of the particles makes the
precipitate suitable for gas bubble attachment (the surfac-
tant may also promote aggregation of the precipitate, be-
coming incorporated in the precipitate structure); inter-
action between surfactant adsorbed on the particles and
“free” surfactant adsorbed at the gas-liquid, bubble inter-
faces produces bubble attachment to the particles; and
“free” surfactant acts as a frother, producing a stable foam,
which may be further stabilized by the presence of par-
ticulates.

The objective of this work is to investigate experimen-
tally the simultaneous precipitation of orthophosphate and
fluoride by lanthanum (La (III)) over an acidic pH range
(pH 3.5 to 6.0), followed by coflotation of LaPO, plus

Correspondence concerning this paper should be addressed to R. B.
Grieves.
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LaF; (plus crystals containing both orthophosphate and
fluoride) with a single surfactant. The effects of pH, lan-
thanum concentration, and surfactant concentration are
discussed in terms of flotation results, in terms of cal-
culated and experimentally-measured solution concentra-
tions of the ionic species of significance, and in terms of
the characteristics of the precipitate particles. Lanthanum
has been reported as an orthophosphate precipitant supe-
rior to Al (III), Fe (III), and Ca (II) salts (Recht et al.,
1971; Leckie and Stumm, 1970; Yuan and Hsu, 1970).
In particular, at the same cation to orthophosphate ratios,
La (IH) has yielded lower soluble orthophosphate concen-
trations (by as much as three orders of magnitude) over a
broader pH range compared to Al (III) (Recht et al., 1971).
Precipitation with Ca (II) necessitates an alkaline pH.
La (III) also yields a small solubility product with fluoride
(Eriksson and Johansson, 1970), although the soluble fluo-
ride concentrations are higher than those of orthophos-
phate. The precipitation of orthophosphate by Al (IIl) is
influenced by the presence of fluoride (Leckie and Stumm,
1970; Yuan and Hsu, 1971).

Possible applicability of this work is to the treatment
of aqueous wastes produced by wet scrubbers used by the
phosphoric acid manufacturing industry (Barber and Farr,
1970; Anon., 1970). Both orthophosphate and fluoride can
be scrubbed simultaneously from stack emissions by a
variety of wet air pollution control devices. However, the
under-flow stream from the scrubbers must be treated for
phosphate and fluoride removal and possible recovery
before discharge to a receiving stream. The 5.26 X 10~3M.
concentrations each of orthophosphate and fluoride used in
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